
ARTICLE

Elastic energy storage in b-sheets with application to F1-ATPase

Received: 26 December 2002 / Revised: 11 March 2003 /Accepted: 4 April 2003 / Published online: 3 September 2003
� EBSA 2003

Abstract We present a methodology for obtaining
the elastic properties of protein motifs. We combine
the use of interpolated structures (IS), molecular
dynamics (MD) and collective coordinates to deduce
the elastic properties of the b-sheet in F1 ATPase. We
find that about 3.5 kcal/mol (6 kBT at room temper-
ature) of elastic energy is stored in the b-sheet as the
b-subunit undergoes its hinge bending motion, in good
agreement with the finite element model of Wang and
Oster [Nature (1998) 396:279–282]. The technique
should be useful for b-sheets in other proteins and aid
in the construction of phenomenological models for
molecular motors that are computationally prohibitive
for MD alone.

Introduction

Most protein motors are too large to be simulated,
unbiased, by molecular dynamics in the near future.
Molecular dynamics can be used together with more
coarse-grained models to gain insight into long time
scale processes. Slow conformational motions can be
modeled as finite element elastic bodies whose motions
are driven by chemically derived forces. The model of
F1 ATPase by Wang and Oster (1998) and Oster and
Wang (2000a) is an example of this approach that has
been successful in predicting the mechanical behavior
of the motor. However, the elastic moduli of the
constituent parts were free parameters used to fit the
data. Models of this sort would benefit from a

technique to estimate the overall elastic moduli of
proteins from more fundamental considerations. We
present here one such technique. We use as our
test case the b-sheet of F1 ATPase during its hydro-
lysis cycle.

We base our approach on combining four tech-
niques. First, we deduce a set of collective coordinates
to characterize the conformations of protein subunits
as they undergo their cycle of deformations. Second,
we employ a sequence of interpolated structures
deduced from the atomic coordinates of the protein in
two states along the hydrolysis reaction pathway to
give an approximate picture of the conformational
trajectory (Wang and Oster 1998). Third, we use
molecular dynamics (MD) to refine these conforma-
tional snapshots by equilibrating each interpolated
structure. Finally, we use umbrella sampling to deduce
the relative free energies of each equilibrated structure.
This allows us to determine the free energy changes
along the collective coordinate, and from this to com-
pute an overall effective elastic modulus of the b-sheet.
This can be compared with the empirical value used by
Wang and Oster to fit the mechanical measurements on
the F1 motor.

In order to develop the technique, we focus on the
b-sheet itself and do not including the surrounding
protein residues. Thus our estimate of the elastic mod-
ulus is not of the complete b-subunit. Nevertheless, we
find that the value we compute for the elastic modulus is
in reasonable agreement with the value used by Wang
and Oster to fit the data. Examining the structure and
the conformational change suggested by the interpolated
structures suggests that the b-sheet is the major con-
tributor to the overall elasticity, although a definitive
answer requires a much more elaborate simulation of the
complete system.

To the extent that our approach is useful, the overall
elasticity of proteins should be decomposable into con-
tributions from extended structural motifs such as
b-sheets, which are ubiquitous in other molecular mo-
tors. Thus the technique presented here should be useful
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in elucidating b-sheet contributions to elastic deforma-
tions in other motor proteins.

F1-ATPase structure and conformational dynamics

Excellent summaries of the structure and function of
ATP synthase can be found elsewhere (Pedersen 2000;
Walker 2000). In brief, the F1-ATPase is a hexameric
ring of three alternating a- and b-subunits surrounding a
central coiled-coil c-shaft. Three catalytic sites are
located at alternating interfaces between the a- and b-
subunits. Nucleotide binding and hydrolysis result in
large conformational changes in the b-subunit that drive
rotation of the c-subunit; the a-subunit is relatively rigid.
Two different interpolation schemes between the ATP
bound and the empty conformations of the b-subunit
indicate that the principal motion of its two domains is a
hinge bending movement (Wang and Oster 1998; Oster
and Wang 2000a; Gerstein et al. 1994; Gerstein 1996).
The angle between domains closes by about 30� in the
ATP bound state when compared with the empty state.
The interpolated structures served as the basis for a
phenomenological model in which the b-subunit was
treated as a hinge in parallel with an elastic spring that
tends to restore the open configuration (Wang and Oster
1998; Oster and Wang 2000a). In this model, nucleotide
binding drives the hinge-bending motion of the
b-subunits, and this motion turns the c-subunit by
pushing on its off-axis eccentric portion. Good agree-
ment with most of the experimentally observed kinetic
and thermodynamic data was obtained using a value for
the elastic spring constant of 4 pN/nm, corresponding to
a deformation energy of 6 kcal/mol or about 10 kBT at
room temperature (Wang and Oster 1998; Oster and
Wang 2000a).

Methods: umbrella sampling

Here, we describe the atomistic umbrella sampling simulations used
to estimate the free energy of deformation of the b-sheet (Frenkel
and Smit 1996; Torrie and Valleau 1974). We modeled the b-sheet
(the residues detailed in the text) in vacuum (constant dielectric
�=1) with the CHARMM all-hydrogen parameter set released with
version c22 (MacKerell et al. 1998; Brooks et al. 1983). There are
no histidines in the b-sheet, and other titratable residues were
assigned their standard protonation states at neutral pH. We use a
nonbond cutoff distance of 14 Å.

We performed a total of 25 simulations. Each simulation cor-
responded to a different umbrella sampling window around one of
the interpolated structures. For the i-th window, we added to the
energy function a biasing potential of the form

VIðG;M2Þ ¼ 1

2
k½ðGðqÞ � GIÞ2 þ ðM2ðqÞ �M2

I Þ
2� ð1Þ

where MI
2 and GI are the mean squared and Gaussian curvatures

of interpolated structure I, M2(q) and G(q) are the corresponding
quantities fitted from atomic positions (q) of the 35 nitrogens. k is a
force constant. For all the windows, k=5.2·10–7 kcal Å4. This
gives fluctuation of G andM2 around 5·10–4 Å-2 so that the centers
of the windows (GI, MI

2) are within the overlapping region.

To prevent the b-sheet from moving in space, we add a
harmonic restraint to hold the Ca atoms of one of the outermost
strands of the b-sheet (residues 216–220) close to their positions
in the first interpolated structure. A relatively stiff force constant
of 48 kcal mol–1 Å–2 was used. This energy term does not make
a significant contribution to the free energy of deformation
because most of the curvature changes are due to deformation
at the other end of the sheet. The constraint energies calcu-
lated separately for each simulation window, varies by less than
1 kBT.

The configuration space is sampled with Langevin dynamics
in the CHARMM program (version c27b3) (Brooks). A friction
constant of 10 ps-1 is applied to all the atoms (including the
hydrogens), and the timestep is 1 fs. The SHAKE algorithm was
used to constrain the lengths of bonds to hydrogen atoms (van
Gunsteren and Berendsen 1977). The starting structure for each
simulation was generated by minimizing the conformation of the
b-sheet in the first interpolated structure (index I=0) subject to
the umbrella potential. This structure was heated from 100 K to
298 K over the course of 400 ps, and was then equilibrated for
1 ns. Equilibration at 298 K is checked by monitoring the
average and fluctuation of the potential energy. Statistics are
collected every 25 steps for 3 ns. For each MD step, M2(q) and
G(q) in Eq. (1) are calculated by fitting a new surface at every
step of the molecular dynamics simulation. The corresponding
forces from the umbrella potentials on the nitrogens are calcu-
lated using finite difference.

The probability of observing curvatures M2 and G is given by
collecting histograms for each biasing potential:

PIðG;M2Þ ¼ hdðG� GðqÞÞdðM2 �M2ðqÞÞiI ð2Þ

Here, the average runs over the saved configurations in simulation i
and q is the vector describing the coordinates of the backbone
nitrogen atoms at saved configurations. The bin size for the his-
tograms is 2.07·10–4 Å-2. The weighted histogram method
(WHAM) (Kumar et al. 1992) is used to remove the bias due to the
umbrella potential and contributions from multiple simulations are
included appropriately to find the final unbiased histogram.

Results

Describing the elastic properties of the b-sheet

In order to describe the elastic property of the b-sheet
in F1, we identify the order parameters that we use to
characterize the conformational changes associated
with its deformation. As described earlier, the a-subunit
is relatively rigid, and the b-subunit undergoes a hinge-
bending motion of about 30� whose center is located
near the b-sheet directly behind the ATP binding
pocket. Figure 1 shows the spatial relationship between
the ATP binding pocket and the b-sheet. The high-
lighted binding loops emanating from the b-sheet make
direct contacts with the nucleotide during binding. To
form all the necessary hydrogen-bonds when the
nucleotide is tightly bound, the upper and lower loops
must come together to enclose the nucleotide com-
pletely. Thus, as ATP binds to the catalytic site, it
gradually forms the network of hydrogen-bonds within
the binding pocket and stress is directly transmitted to
the b-sheet. The formation and breaking of these
hydrogen bonds is described in the companion paper
(Antes et al. 2003).
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As ATP settles into the pocket, the b-sheet undergoes
a bend and a twist. Surrounding structural elements in
the b-subunit remain almost undeformed throughout the
motion, except for translations and rotations that do not
change their shape. A reasonable conclusion from these
observations is that part of the binding energy derived
from ATP is stored in the elastic deformation of the
b-sheet, while the balance is delivered to the c-shaft.
Thus, this b-sheet is the likely candidate for the elastic
spring in the model of Wang and Oster (Wang and Oster
1998; Oster and Wang 2000a), and we study its prop-
erties in isolation.

To identify collective variables to describe the
b-sheet, we use the following procedure based on the

interpolated structures. We use 25 such structures
equally spaced between the ATP bound conformation
(interpolation index I=0) and the empty state (inter-
polation index I=24). We take the positions of the
nitrogen atoms involved in the interstrand hydrogen
bonds and consider them as points on a surface. If every
atom is required to be strictly on the surface, then the
surface would be very rough. A more sensible criterion is
to use the positions of the nitrogen atoms to fit a smooth
surface in a least squares sense to each of the interpo-
lated structures. Then, as the b-sheet bends, the fitted
surfaces provide a continuous description of the b-sheet
geometry. The remarkable result is that this procedure
yields a pair of collective coordinates that describe the

Fig. 1 a The F1 portion of ATP
synthase. b A b-subunit of F1-
ATPase showing the b-sheet
and the loops containing the
ATP binding residues. The ATP
molecule is shown in space-
filling mode viewed from the
nucleotide end. Insets show
stereo views. A ribbon diagram
of the structure is given in the
Supplemental Material. c The
connectivity between the b-
sheet and the three ATP
binding loops (closed
conformation). The left hand
loop (C loop containing the C
helix) contains the catalytic
residue that holds the activated
water for in-line attack on the c-
phosphate. It makes hydrogen
bonds with the a and b
phosphate oxygens. The P-loop
containing the B helix makes
hydrogen bonds with the
oxygens of the c-phosphate.
The B loop makes hydrophobic
contacts with the sugar end of
the nucleotide. As ATP binds,
the loops are pulled closer
together, closing the binding
pocket around the nucleotide. d
A side view of the ATP binding
pocket (closed conformation),
showing the side-chains from
loop B contacting the c-
phosphate. The water molecule
that is involved in hydrolysis is
also shown. A movie showing
the complete conformational
cycle is given in the
Supplemental Material
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shape change of the b-sheet to high accuracy over the
entire range of deformation. The procedure for defining
these collective coordinates is as follows.

The b-sheet consists of residues 148–157, 180–190,
215–220, 249–259, 301–311 and 330–336 from PDB
structure 1BMF. Of these, 35 nitrogens in residues
151–155, 181-186, 216–220, 250–256, 303–310 and
331–334 participate in the interstrand hydrogen bond
network. We place our coordinate system in R3 at the
center of mass of the raw PDB coordinates in the
ATP bound structure (I=0). This coordinate system
differs from the PDB coordinate system by a transla-
tion of the center of mass and a rigid rotation whose
rotation angles are to be determined. In this ’centered’
frame, we define a collection of quadratic surfaces
zI=hI(xI, yI), one such surface for each interpolated
structure I=0, ..., 24. Each of these surfaces has the
functional form:

hIðx; yÞ ¼ aI
0 þ aI

1xþ aI
2x

2 þ aI
3y þ aI

4xy þ aI
5y

2;

I ¼ 0; . . . ; 24
ð3Þ

where the coefficients aIj, j=1,...,5, are fitting parame-
ters. For each interpolated structure I, we denote the
atomic positions of the 35 hydrogen bonding nitrogens
by (xIa,y

I
a,z

I
a), a=1, ..., 35. Using a least square pro-

cedure, we minimize the distance between zIa and hI by
minimizing the error function

ErrorI ¼
X35

a¼1
zI
a � hI xI

a; y
I
a

� �� �2 ð4Þ

The sum is only over nitrogens involved in the inter-
strand hydrogen bonds. The coefficients, aIj, and hence
ErrorI, depend on our choice of coordinate frame. The
particular frame we use is the one that minimizes the
error of the fit for the initial structure (interpolation
index 0). Subsequent analyses all use this coordinate
frame. This procedure yields a set of five coefficients
for each of the 25 interpolated structures. We use
these fitted surfaces to define order parameters as
follows.

The functional form of the surface in Eq. (3) is a
simple quadratic polynomial. Figure 2a shows this
surface for index 0 and 24. It is remarkable that,
throughout the range of motion, the b-sheet at every
interpolated structure is fit closely by such a surface:
the average distance per nitrogen atom away from the
fitted surface is [ 0.15 Å. Figure 2b plots the fitting
error as a function of the interpolation index. We note
that the fit error does depend on the choice of the
coordinate frame to some extent and no particular
frame minimizes the error for all the interpolation
structures. Nevertheless, for such a simple fitting
function, these errors are acceptable throughout the
motion of the b-sheet.

Fig. 2a–c Surface model of the
b-sheet. a The open (left) and
closed (right) conformation of
the b-sheet. Also shown are the
least square surface to the
hydrogen-bonded nitrogens in
the b-sheet. b The error per
atom in fitting the quadratic
surface to the b-sheet is less
than 0.15Å. c The path in (G,
M2) coordinates representing
the conformational change of
the b-sheet according to the
interpolated structures. Each
interpolated structure and its
associated surface gives a point
on this path
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The closeness of the quadratic fit to the interpolated
structures of the b-sheet has an important consequence:
the curvatures of these surfaces are constant. The mean
(M) and Gaussian (G) curvatures of each surface can be
computed from the trace and determinant, respectively,
of the Hessian of hI(x, y) (O’Neill 1997):

MI¼ @2hI

@x2

� �
þ @2hI

@y2

� �h i
¼2ðaI

2þaI
5Þ

GI¼ @2hI

@x@y

� �2
� @2hI

@x2

� �
� @2hI

@y2

� �� �
¼ðaI

4Þ
2�4aI

2a
I
5

I¼0;1;...;24

ð5Þ

Because the hI are quadratic, M and G are constant for
each interpolated structure. Thus, the bending and
twisting motion of the b-sheet can be described by the
mean and Gaussian curvature at each interpolated
structure. For dimensional homogeneity, we choose as
collective coordinates describing the b-sheet (M2, G).
Therefore, the interpolated structures correspond to a
curve in (M2, G) coordinates as shown in Fig. 2d,
where points along this curve uniquely define the fitted
surface. The elastic properties of the b-sheet as it
undergoes the observed twist and bend can be com-
puted from the free energy change as a function of M2

and G, F(M2, G). The motivation for using mean and
Gaussian curvature coordinates arises from the
expression for the energy of an elastic plate (Landau
and Lifshitz 1995).

The elastic energy stored in the b-sheet
during bending

We can use the order parameters M2 and G as the basis
for umbrella sampling computations to estimate the free
energy of deformation of the b-sheet. The bending of the
b-subunit drives the power stroke of F1, and this is
tightly coupled to the deformation of the embedded
b-sheet. Therefore, the free energy of deformation is
directly related to the force generated by the motor. The
total elastic energy of the b-subunit can be decomposed
into three parts:

F ðM2;GÞ ¼ FsðM2;GÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
b�sheet

þ FpðM2;GÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
Protein

þ DF ðM2;GÞ|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
Interaction

ð6Þ

where Fs is the bending free energy of the b-sheet, Fp is
the free energy in the rest of the protein, and DF is the
interaction free energy between the b-sheet and the
surrounding protein. These quantities are all functions
of the order parameters (M2, G). Since the interpolated
structures trace out the path shown in Fig. 2d, this path
should be close to the path of minimum total free en-
ergy, F(M2,G). We calculate explicitly the free energy in
the b-sheet, Fs, along the path defined in Fig. 2d. The
contributions from the rest of the subunit will be
important; however, it is not the focus of the present
study.

The details of the MD simulation can be found in the
Methods section. During the simulations, a fit to the
quadratic surface of Eq. (3) is performed at each MD
step, and statistics of M2 and G are collected. The order
parameters M2 and G do not fully determine the
microscopic configuration of the b-sheet, so that there
exist configurations that require introducing higher or-
der terms in Eq. (3) to yield fits with the same degrees of
error. Conversely, there exist configurations that are fit
well by the quadratic surface of Eq. (3) but are unlike
structures typically observed in folded proteins. Any
such configurations that yield similar values for the fit-
ting parameters are in principle accessible in our simu-
lations despite the umbrella potential added to restrain
the system. Nevertheless, no such configurations are
observed. The error of the fit to the constant curvature
surfaces is not uniformly below 0.1 Å per nitrogen for
every MD configuration. However, the largest fitting
error is always below 0.25 Å per nitrogen, suggesting
that their free energies are much higher than those of the
interpolated conformations. This result provides further
support for the idea that it is meaningful to model the
shape of the b-sheet with a quadratic polynomial and
view it as an elastic body. Although all possible config-
urations are accessible in spite of the umbrella poten-
tials, no structures that are significantly different from
the interpolated structures are observed. Therefore, it is
reasonable to describe the b-sheet as an elastic surface by
our procedure.

Results of the simulations are shown in Fig. 3 where
the path suggested by the interpolated structure is shown
as a dashed line. Several conclusions can be drawn from
this data.

1. The path traced out by the interpolated structures is
not a minimum energy path on the free energy
surface; there are configurations away from the
interpolated path that are more favorable. This is
consistent with our earlier discussion of the total free
energy versus the free energy of the individual parts.
This suggests the surrounding material of the protein
acts to restrict the accessible curvatures of the
b-sheet.

2. Figure 4 shows the free energy along the curve
traced by the interpolated structures. It decreases
smoothly, and nearly linearly as the sheet deforms
from the ATP bound closed structure (I=0) to the
open configuration (I=16). This may contribute to
the constant torque developed by the F1 motor
(Kinosita et al. 2000) as reflected in its high stokes
efficiency (Oster and Wang 2000b; Wang and Oster
2001).

3. The open state of the b-subunit is the most energet-
ically favorable configuration for the b-sheet. In
multi-site hydrolysis, binding of ATP is coordinated
with the release of ADP in the next site in the direc-
tion of rotation. Going from closed to open in Fig. 3,
ADP release is assisted by the stored elastic energy in
the b-sheet. However, force from the recoil of the
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b-sheet disappears around I=16. Thus, product
release may become more difficult towards the end of
the power stroke.

4. The net free energy change between the closed and
open configurations of the b-sheet is about 6 kBT.

5. Most of the elastic energy is stored in bending, very
little is stored in stretching of the sheet. During the
simulation, the overall area of the b-sheet (calculated
using triangulation with N-atoms as vertices of tri-
angles) was monitored. For all the sampling win-
dows, the area remained close to 405 Å2 with a
standard deviation less than 10 Å2. Thus, the surface
is not being stretched.

Discussion

Several molecular dynamics simulations on F1 have
appeared that study the dynamics that result from
applying a rotational torque to the c-shaft (Bockmann
and Grubmuller 2002; Ma et al. 2002). However, the
nanosecond time-scales of these simulations are still
many decades away from the millisecond operating
speed of this rotary motor; thus it is not clear how the
driven configurations relate to the actual conformational
pathway.

The interpolated structures suggest an alternative
approach. Throughout the interpolation steps, no
major violations of steric constraints are observed.
Thus the interpolated structures offer a reasonable
atomic scale picture of the protein’s motion. More-
over, the interpolated structures paint a clear picture
of how bending of the b-subunit leads to an overall
rotation of the c-shaft. Analysis of the interpolated
structures show that the bending motion primarily
distorts the parallel b-sheet directly behind the ATP

binding pocket. The progressive formation of hydro-
gen bonds between the nucleotide and the catalytic
pocket leads to a steady deformation of the b-sheet
that stores elastic energy. When the hydrolysis prod-
ucts are released, the strain energy stored in the
b-sheet should drive the recoil of the b-subunit to the
open, unbent state. This recoil can play an important
role in the mechanochemical cycle.

Fig. 3 The free energy surface,
F(G, M2), of the b-sheet. The
individual histograms are
connected using weighted
histogram method. The color
scale shows the relative free
energy. (Red is higher in free
energy.) The black dotted line is
the path in (G, M2) space
representing the interpolated
structures shown in Fig. 1

Fig. 4 Free energy of the b-sheet as it goes from closed to the open
configuration along the interpolated path (symbols). This is simply
an evaluation of F(M2,G) in Fig. 2d along the line. The open
configuration is lower in energy by about 6 kBT; i.e. as the system
goes from open to closed, 6 kBT is stored as elastic strain energy.
The solid curve is a polynomial fit to the symbols. The error bars
are calculated using cumulative averages of the histograms
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To investigate the mechanical properties of the
b-sheet, we describe its interpolated conformations by
fitting mathematical surfaces to the positions of the
nitrogen atoms within the sheet. We find that sur-
faces of constant curvature approximate the observed
conformations very well. Using atomistic molecular
dynamics (MD) simulations and umbrella sampling,
we find that the bare b-sheet in vacuum can store
3.5 kcal/mol (6 kBT) of elastic energy as the b-subunit
bends through its conformational trajectory. This free
energy change during its deformation is consistent
with the model calculations of Wang and Oster (Wang
and Oster 1998; Oster and Wang 2000a). In those
studies the conformational change of the b-subunit is
modeled as a hinged spring. The spring constant
necessary to match the experimental results is about
4 pN/nm which corresponds to a net free energy
change of �10 kBT. This value is in accord with
biochemical studies on unisite kinetics, where the total
free energy of hydrolysis is about 24 kBT, of which
14 kBT is associated with nucleotide binding and
10 kBT with product release (Al-Shawi et al. 1989;
Senior 1992). Wang and Oster ascribed the secondary
free energy drop to elastic energy stored in the spring
during ATP binding (Oster and Wang 2000a; Wang
and Oster 1998). Our results here are consistent with
that model if we view the b-sheet and its associated
loops as the spring. Moreover, according to the
’binding zipper model’ of Wang and Oster (Oster and
Wang 2000a), the b-subunit bends as hydrogen bonds
are formed progressively between the catalytic site and
Mg++ÆATP (see Antes et al. 2003). Our simulations
here indicate that the energy of hydrogen bond for-
mation can be largely stored in the deformation in-
duced in the b-sheet. When products are released after
hydrolysis, the stored elastic energy in the b-sheet
spring will help drive the recoil of the b subunit to the
open configuration.

In addition to agreement with the theoretical models,
biochemical studies (Iko et al. 2001) using mutants of F1

show that torque generation can be enhanced or
diminished by substituting residues in the b-sheet. These
results support our conclusion that the b-sheet is an
important elastic element in F1. The precise effect of
these mutations is unclear at the moment since non-
native residues may change the local fold around the
b-sheet. It is also clear that a complete understanding
of torque generation in F1 must take into account the
remaining protein. The elastic property of the b-sheet
composed with the rest of the protein is interesting for
further investigation.

Protein structures can have interesting mechanical
properties. Conformational changes of motor proteins
occur in millisecond to microsecond regimes and in-
volve collective motions of hundreds or thousands of
atoms. In this study, we have shown how collective
coordinates can describe the curvature of the b-sheet
whose loops grasp the bound nucleotide. In terms of
these collective coordinates, we showed that the bend-

ing and twisting of the b-sheet could act as a elastic
hinge as the b-subunit bends. These collective coordi-
nates are not linear combinations of atomic coordi-
nates, and so elastic models based on normal modes
cannot explain this motion. Since parallel b-sheets are
ubiquitous in motor proteins, our study suggests that
b-sheet deformation may play a role in the mechanical
motions of other protein motors. The technique we
have developed here may prove useful for describing
the elastic properties of other protein motifs, such as
coiled coils.
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